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Abstract
In this work, we analyze the influence of noninertial and spin effects on the dynamics of the
2D Dirac oscillator in the magnetic cosmic string background. To model this background, we
consider a uniform magnetic field, the Aharonov-Bohm effect, and a parameter η generated by
a cosmic string. Posteriorly, we determine the bound-state solutions of the system: the Dirac
spinor and the relativistic energy spectrum. We verified that this spinor is written in terms of
the generalized Laguerre polynomials and this spectrum depends on the effective quantum number
Nr, angular velocity Ω and parameter s associated to the noninertial and spin effects, magnetic
flux Φ, cyclotron frequency ωc, zero-point energy E0, and on the deficit angle η. In particular,
we note that besides this spectrum to be a periodic function and asymmetric, its values infinitely
increase when η → 0 or Nr = ωc = Ω → ∞. We also note that the energies of the antiparticle
with spin down are larger than of the particle with spin up or down. In the nonrelativistic limit,
we get the Schro¨dinger-Pauli oscillator with two types of couplings: the spin-orbit coupling and
the spin-rotation coupling, and two Hamiltonians: one quantum harmonic oscillator-type and
other Zeeman-type. Finally, we compare our results with other works, where we verified that our
problem generalizes some particular cases of the literature when Ω, ωc, Φ, s or η are excluded from
the system.
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I. INTRODUCTION
In 1989, M. Moshinsky and A. Szczepaniak formulated the first relativistic version of
the quantum harmonic oscillator (QHO) for spin-1/2 particles, in which it became known as
Dirac oscillator (DO) [1]. To configure the DO, is necessary inserted into free Dirac equation
(DE) a nonminimal coupling given by: p→ p− im0ωβr, where m0 is the rest mass of the
oscillator with angular frequency ω, r is the position vector and β (β = γ0) is an usual Dirac
matrix. Since that was proposed in the literature, several works on the DO have been and
continue being performed in different areas of the physics, such as in thermodynamics [2, 3],
physics-mathematics [4, 5], nuclear physics [6–8], quantum chromodynamics [9, 10], quantum
optics [11, 12] and in graphene [13–15]. In Refs. [16, 17], a DO-type coupling was used to
model 2D quantum rings. In 2013, the 1D DO was verified experimentally by J. A. Franco-
Villafan˜e et al [18] and recently was studied in the context of the position-dependent mass
[19] and in the presence of the Aharonov-Bohm-Coulomb system [20], topological defects
[21, 22] and of external electromagnetic fields [23].
Over the years, the study of noninertial effects generated by rotating frames have also
been investigated in the literature [24], where the best-known effects are the Sagnac [25, 26],
Barnett [27, 28], Einstein-de Hass [29] and Mashhoon [30] effects. In the last years, noniner-
tial effects were investigated in some condensed matter systems, such as in the quantum Hall
effect [31–33], Bose-Einstein condensates [34–36], fullerene molecules [37, 38], and in atomic
gases [39, 40]. Discussions about the neutrons interferometry induced by Earth’s rotation
was made in Ref. [41]. On the other hand, the study of noninertial effects in relativistic
quantum systems also gained relevance and focus of investigations in recent years [42–45].
In particular, the DE in a rotating frame has several applications, for instance, is applied
in physical problems involving spin currents [46, 47], Sagnac and Hall effects [48, 49], chiral
symmetry [50], external magnetic fields [51, 52], fullerene molecules [53–55], nanotubes and
carbon nanocones [56, 57], etc.
The present work has as its goal to investigate the influence of noninertial and spin effects
on the relativistic and nonrelativistic quantum dynamics of the 2D DO in the magnetic
cosmic string background. To model this background, we consider a uniform magnetic field,
the Aharonov-Bohm (AB) effect and a deficit angle η, where η ≡ 1−4Gµ/c2 and µ > 0 is the
linear mass density of a cosmic string (linear gravitational topological defect). According to
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the literature, the first papers that studied the DO in an inertial frame in the presence of
the AB effect with and without the cosmic string spacetime and the spin effects are found in
Refs. [58–60]. However, the first papers that studied the DO without magnetic interaction
under the influence of noninertial effects with and without the cosmic string spacetime are
given in Refs. [61–63]. In particular, our work generalizes the results in Refs. [58, 60, 61]
and of other works associated, where we are showing that the dynamics of the system is
significantly affected when the noninertial and spin effects are taken into consideration.
This paper is organized as follows. In Sect. II, we present the cosmic string background
as well as the configuration of the external magnetic field and of the AB effect in a uniform
rotating frame. In Sect. III, we investigate the influence of noninertial and spin effects on
the quantum dynamics of the 2D DO in the presence of a uniform magnetic field and of the
AB effect in the cosmic string background. Next, we determine the two-component Dirac
spinor and the energy spectrum for the relativistic bound states. In Sect. IV, we analyze the
nonrelativistic limit of our results. Finally, in Sect. V we present our conclusions. In this
work, we use the natural units (~ = c = G = 1), the cosmic string spacetime with signature
(+,−,−,−), and the orthogonal curvilinear coordinates system.
II. THE COSMIC STRING SPACETIME AND THE CONFIGURATION OF THE
MAGNETIC FIELD AND OF THE AB EFFECT IN A ROTATING FRAME
In this section, we configure the curved spacetime background in a rotating frame; whose
chosen spacetime is the cosmic string spacetime along of the Z-axis, where its line element
in general cylindrical coordinates is given by [63, 64]
ds2string = dT
2 − dR2 − η2R2dΦ2 − dZ2, (1)
being the parameter η defined in the range 0 < η < 1 and the geometry characterized by
this line element has a conical singularity that gives rise to the curvature centered on the
cosmic string axis (Z-axis); however, in all other places, the curvature is null. In particular,
this conical singularity is represented by the following curvature tensor
Rρ,ϕρ,ϕ =
1− η
4η
δ2(r), (2)
where δ2(r) is the 2D Dirac delta. In condensed matter physics, it is already well known
that linear topological defects as disclinations and dislocations can be described through a
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line element in the same way as a topological defect in general relativity [65, 66]. It is worth
mentioning that in the case of the cosmic string, the spatial part of its line element corre-
sponds to the line element of a disclination. In that way, when we take the nonrelativistic
limit of the DE, we can extend this formalism to the solid-state physics context [67].
As we are interested in working also in a rotating frame, we must perform the following
coordinate transformations
T = t, R = ρ, Φ = ϕ+ Ωt, Z = z, (3)
where Ω = Ωz > 0 is the constant angular velocity (not an angular frequency) of the
rotating frame, t ∈ (−∞,∞) is the temporal coordinate, ρ = (x2 + y2)1/2 ∈ [0,∞) is the
radial coordinate, and ϕ ∈ [0, 2π] is the angular coordinate (polar angle), respectively. In
particular, the coordinates t, ρ, ϕ, and z in the rotating frame (which rotates together with
the system) coincide with the corresponding coordinates of the inertial laboratory frame,
i.e., t = tlab, ρ = ρlab, ϕ = ϕlab, and z = zlab [50].
With the transformations in (3), the line element (1) becomes
ds2string−rotating = (1− V 2)
(
dt− V ηρ
(1− V 2)dϕ
)2
− dρ2 − η
2ρ2
(1− V 2)dϕ
2 − dz2, (4)
where V ≡ Ωηρ > 0 is the ratio between the velocities of the rotating frame and the of light
and satisfies V < 1 (causality requirement).
Thus, with the line element (4), we need to construct a local reference frame where the
observer will be placed (the laboratory frame); consequently, we can define from this the
Dirac matrices in the rotating curved spacetime. In this way, a local reference frame can
be built through of a noncoordinate basis given by θˆa = eaµ(x)dx
µ, which its components
eaµ(x) satisfy the following relation [63, 67]
gµν(x) = e
a
µ(x)e
b
ν(x)ηab, ηab = diag(+1,−1,−1,−1), (5)
where gµν(x) is the curved metric tensor, ηab is the Minkowski metric tensor (in Cartesian
coordinates) and the indices µ, ν = t, ρ, ϕ, z and a, b = 0, 1, 2, 3 indicate the general and local
reference frames, respectively. The components of the noncoordinate basis eaµ(x) are called
tetrads (or vierbein), whose inverse is defined as dxµ = eµa(x)θˆ
a, where eaµ(x)e
µ
b(x) = δ
a
b
and eµa(x)e
a
ν(x) = δ
µ
ν(x) must be satisfied. In addition, we can now rewrite now the line
element (4) in terms of non coordinate basis as [61]
ds2string−rotating = gµν(x)dx
µdxν = ηabθˆ
a ⊗ θˆb = (θˆ0)2 − (θˆ1)2 − (θˆ2)2 − (θˆ3)2, (6)
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where
θˆ0 =
√
1− V 2
(
dt− V ηρ
(1− V 2)dϕ
)
, θˆ1 = dρ, θˆ2 =
ηρ√
1− V 2dϕ, θˆ
3 = dz, (7)
being the metric tensor given by
gµν(x) =


1− V 2 0 −V ηρ 0
0 −1 0 0
−V ηρ 0 −(ηρ)2 0
0 0 0 −1


. (8)
As we can see in (7), a given quantity (or parameter) with the indices a, b does not mean
that such quantity is in inertial Minkowski spacetime in Cartesian coordinates. In the case
of the metric tensor ηab, such tensor is written in Cartesian coordinates because is where
the DE was originally formulated [68]. For the sake of information, making η → 1 in (6)
(absence of the cosmic string), we get the line element in rotating Minkowski spacetime
in cylindrical coordinates (and not in Cartesian coordinates) [61]. Already for η → 1 and
Ω → 0 in (8) with signature (−,+,+) (absence of the rotating cosmic string), we get the
metric tensor in inertial Minkowski spacetime in polar coordinates (and not in Cartesian
coordinates) [72].
Our interest here is to build a rotating frame where there is no torque on the system;
consequently, the tetrads and its inverse takes the form
eaµ(x) =


√
1− V 2 0 − V ηρ√
1−V 2 0
0 1 0 0
0 0 ηρ√
1−V 2 0
0 0 0 1


, eµa(x) =


1√
1−V 2 0
V√
1−V 2 0
0 1 0 0
0 0
√
1−V 2
ηρ
0
0 0 0 1


, (9)
With the information about the choice of the local reference frame, we can obtain the
one-form connection ωab = ω
a
µ b(x)dx
µ through the Maurer-Cartan structure equations. In
the absence of the torsion (torque), these equations can be written as
dθˆa + ωab ∧ θˆb = 0, (10)
where the operator d is the exterior derivative and the symbol ∧ means the external product.
Therefore, the non-null components of the one-form connection are
ω 0t 1(x) = ω
1
t 0(x) = −
V Ωη√
1− V 2 , (11)
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ω 1t 2(x) = −ω 2t 1(x) = −
Ωη√
1− V 2 , (12)
ω 0ρ 2(x) = ω
2
ρ 0(x) =
Ωη
(1− V 2) , (13)
ω 0ϕ 1(x) = ω
1
ϕ 0(x) = −
V η√
1− V 2 , (14)
ω 1ϕ 2(x) = −ω 2ϕ 1(x) = −
η√
1− V 2 . (15)
Now, we will focus our attention on the configuration of the external magnetic field in
the cosmic string background in a rotating frame. Therefore, to insert a magnetic inter-
action into DE due to a particle with electric charge q (q < 0) we must introduce into
DE a minimal electromagnetic coupling given by: iγµ(x)∂µ → iγµ(x)(∂µ + iqAµ(x)), where
Aµ(x) = e
a
µ(x)Aa is the curved electromagnetic field and γ
µ(x) are the curved gamma
matrices [60, 67, 68]. Explicitly, Aµ(x) is written in the rotating frame (Ω 6= 0) as follow
Aµ(x) = (0, 0, e
2
ϕ(x)A2, 0) =
(
0, 0,− ηρ√
1− V 2Aϕ, 0
)
, (At = Aρ = Az = 0), (16)
where Aϕ is the angular component of the flat electromagnetic field Aa = (0, 0, A2, 0) =
(0, 0,−Aϕ, 0) written in the inertial frame of the observer (Ω = 0). Here, we consider a
uniform external magnetic field generated by a infinite solenoid of radius ρ perpendicular to
the polar plane given by Bext = Bzˆ (B = Bz > 0), where the vector potential for this field is
A1 =
1
2η
Bρϕˆ [20], and the vector potential of the AB effect generated by a infinite solenoid
of radius a (a < ρ) perpendicular to the polar plane given by A2 =
Φ
2piηρ
ϕˆ, where Φ > 0
is the constant magnetic flux [59, 60, 69]. In this ways, we have A = A1 +A2 = Aϕ(ρ)ϕˆ,
where Aϕ(ρ) =
1
2η
Bρ+ Φ
2piηρ
and the parameter η arises due to the fact that the two solenoids
coincide with the axis of symmetry of the cosmic string (“is a correction factor”). However,
for η → 1 we have the vector potentials in Minkowski spacetime in cylindrical coordinates.
III. RELATIVISTIC QUANTUM DYNAMICS OF THE 2D DIRAC OSCILLATOR
IN THE ROTATING MAGNETIC COSMIC STRING BACKGROUND
In this section, we obtain the relativistic bound-state solutions of the 2D DO interacting
with a uniform magnetic field and the AB effect in the rotating cosmic string spacetime.
However, we initially need to turn our problem in a 2D system (“conical surface”). In this
way, using a symmetry under translations in z (translational invariance) and starting from
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fact that in the tetrads formalism we are free to choose a representation for the matrices
gamma, we can turn such matrices in the 2× 2 Pauli matrices [60, 71]. Besides that, these
arguments are valid since our vector potentials are intrinsically 2D (depends only on polar
radial coordinate). So, the equation of motion for the covariant 2D DO in a curved spacetime
(curvilinear coordinates system) interacting with an external electromagnetic field is written
by the following expression [63]
iγµ(x)
(∇µ(x) + iqAµ(x) +m0ωργ0δρµ)ψc(t, ρ, ϕ) = m0ψc(t, ρ, ϕ), (µ = t, ρ, ϕ), (17)
where γµ(x) = eµa(x)γ
a are the curved gamma matrices and γa are the flat gamma matrices
defined in the inertial Minkowski spacetime, ∇µ(x) = ∂µ+Γµ(x) is the covariant derivative,
being Γµ(x) = − i4ωµab(x)σab the spinorial connections and ωµab(x) the spin connections,
and ψc is the two-component curvilinear Dirac spinor. The connection between ψc and the
original Dirac spinor ΨD is given by ψc = e
iΣ3ϕ
2 ΨD, where the unitary operator e
iΣ3ϕ
2 has
the function of to transform (originally in Minkowski spacetime) the curvilinear gamma
matrices (“hard to work”) into Cartesian fixed matrices (“easy to work”) [72]. Another
fact that corroborates with our statement is that these spinors must satisfy the following
periodicity conditions of the system: ψc(ϕ ± 2π) = −ψc(ϕ) and ΨD(ϕ ± 2π) = ΨD(ϕ),
something that is only consistent with the operator e
iΣ3ϕ
2 making the connection between
both spinors.
With the one-form connections given in (11), (12), (13), (14) and (15), we obtain
Γt(x) = −1
2
V Ωη√
1− V 2γ
0γ1 − i
2
Ωη√
1− V 2Σ
3, (Σ3 = Σ3 = iγ
1γ2), (18)
Γρ(x) =
1
2
Ωη
(1− V 2)γ
0γ2, (19)
Γϕ(x) = −1
2
V η√
1− V 2γ
0γ1 − i
2
η√
1− V 2Σ
3, (20)
where implies that
γµ(x)Γµ(x) =
1
2
iηγ0Ω
(1− V 2)Σ
3 +
1
2ρ
γ1. (21)
In addition, the curved gamma matrices are given by
γt(x) =
1√
1− V 2γ
0 +
V√
1− V 2γ
2, (22)
γρ(x) = γ1, (23)
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γϕ(x) =
√
1− V 2
ηρ
γ2. (24)
Thus, using the informations here presented and of the section II, Eq. (17) becomes
i√
1− V 2
(
γ0 + V γ2
) ∂ψc
∂t
+ iγ1
(
∂
∂ρ
+
1
2ρ
+m0ωργ
0
)
ψc − ηγ
0
(1− V 2)S ·Ωψc
+iγ2
[
1
ηρ
(√
1− V 2 ∂
∂ϕ
+ i
Φ
Φ0
)
+
ie
2η
Bρ
]
ψc = m0ψc, (25)
where the term S ·Ω is called of spin-rotation coupling [30, 70], being Ω = Ωzˆ, S = 1
2
Σ is
the spin operator, Φ0 ≡ 2pie is the magnetic flux quantum and we assume q = −e (e > 0).
It is also important to mention that this coupling is the origin of a term in the energy
spectrum called (rotating) zero-point energy (analogous to the case of the nonrelativistic
quantum harmonic oscillator) [61]. Moreover, Eq. (25) is in accordance with the curvilinear
DO found in Ref. [72], i.e., the DO in Minkowski spacetime in polar coordinates. Therefore,
the spinor in (25) it’s really a curvilinear spinor.
On the other hand, we see that it is difficult to proceed without a simplification of
Eq. (25). To solve analytically this equation, we consider that the linear velocity of the
rotating frame being small compared with the velocity of the light (V 2 ≪ 1) [61]. Using
this condition, Eq. (25) becomes
i
{
γ0
∂
∂t
+ γ1
(
∂
∂ρ
+
1
2ρ
+m0ωργ
0
)
+ γ2
[
1
ηρ
(
∂
∂ϕ
+ i
Φ
Φ0
)
+
ie
2η
Bρ+ Ωηρ
∂
∂t
]}
ψc
−(ηγ0S ·Ω+m0)ψc = 0. (26)
Since we are working planar spacetime (2D spacetime), it is convenient to write the
gamma matrices γa = (γ0, γ1, γ2) = (γ0,−γ1,−γ2) and the matrix Σ3 in terms of the 2× 2
Pauli matrices, i.e., γ1 = σ3σ1 = iσ2, γ2 = sσ3σ2 = −isσ1 and γ0 = Σ3 = σ3 [60, 68, 71, 72].
In particular, the parameter s (spin parameter) characterizes the two spin states of the
particle, with s = +1 for spin “up” (↑) and s = −1 for spin “down” (↓), respectively. By
using this information and the Pauli matrices in the form
σ1 =

 0 1
1 0

 , σ2 =

 0 −i
i 0

 , σ3 =

 1 0
0 −1

 , (27)
and defining the following ansatz for the two-component spinor [72, 73]
ψc(t, ρ, ϕ) =
ei(mjϕ−Et)√
2π

 R+(ρ)
iR−(ρ)

 , (mj = ±1/2,±3/2,±5/2, . . .), (28)
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we obtain from (26) a system of two first-order coupled differential equations given by
(
m0 +
ηΩ
2
− E
)
R+(ρ) =
[
d
dρ
−m0Ω¯ρ+ s
ηρ
(
mj +
Φ
Φ0
+
sη
2
)]
R−(ρ), (29)
(
m0 +
ηΩ
2
+ E
)
R−(ρ) =
[
d
dρ
+m0Ω¯ρ− s
ηρ
(
mj +
Φ
Φ0
− sη
2
)]
R+(ρ), (30)
where Ω¯ ≡ (ω−sωc
2η
+sηΩE
m0
) is an effective angular frequency and ωc =
eB
m0
> 0 is the cyclotron
frequency (angular velocity) of the particle in the plane, E is the relativistic total energy,
1√
2pi
is a factor that arises from normalization of the angular part of the spinor and mj is the
curvilinear total magnetic quantum number (arises from condition ψc(ϕ ± 2π) = −ψc(ϕ)).
Here, the connection between mj and ml, where ml is the curvilinear orbital magnetic
quantum number, is given as follows
Jzψc(t, ρ, ϕ) = −i∂ψc(t, ρ, ϕ)
∂ϕ
= mjψc(t, ρ, ϕ) = (ml +ms)ψc(t, ρ, ϕ), (31)
where Jz = Lz + Sz is the z-component of the total angular momentum J, being Sz =
1
2
σz,
ms = ±12 is the curvilinear spin magnetic quantum number (spin up or spin down) and the
values of ml are given by ml = 0,±1,±2, . . . [72].
Substituting now (30) into (29) and vice versa, we get two differential equations written
compactly as
[
d2
dρ2
+
1
ρ
d
dρ
− γ
2
r
η2ρ2
−m2Ω¯2ρ2 + Er
]
Rr(ρ) = 0, (r = ±1), (32)
where we defined
γr ≡ mj + Φ
Φ0
− rsη
2
, Er ≡ E2 −
(
m0 +
ηΩ
2
)2
+
2sm0Ω¯
η
γr + 2rm0Ω¯, (33)
being Rr(ρ) real radial functions and r characterizes the two components of the spinor,
being that r = +1 describes a particle with spin up (s = +1) or down (s = −1) and r = −1
describes an antiparticle with spin up (s = +1) or down (s = −1), respectively.
In order to solve Eq. (32), we will introduce a new dimensionless variable given by
τ = m0Ω¯ρ
2 (Ω¯ > 0). Thereby, by making a variable change, Eq. (32) becomes
[
τ
d2
dτ 2
+
d
dτ
− γ
2
r
4η2τ
− τ
4
+ Er
]
Rr(τ) = 0, (34)
where
Er ≡ Er
4m0Ω¯
. (35)
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Analyzing the asymptotic behavior of Eq. (34) for τ → 0 and τ → ∞, we can write a
regular solution for this equation as
Rr(τ) = Crτ
|γr |
2η e−
τ
2Fr(τ), (36)
where Cr > 0 are normalization constants, Fr(τ) are unknown functions to be determined
and Rr(τ) must satisfy the following boundary conditions to be a physically acceptable
solution (normalizable solution)
Rr(τ → 0) = Rr(τ →∞) = 0. (37)
In this way, substituting (36) into Eq. (34), we obtain
[
τ
d2
dτ 2
+ (|γ¯r| − τ) d
dτ
−
( |γ¯r|
2
− Er
)]
Fr(τ) = 0, (38)
where
|γ¯r| ≡ |γr|
η
+ 1. (39)
It is not difficult to note that Eq. (38) is a generalized Laguerre equation, whose solution
are the generalized Laguerre polynomials and is denoted by [71, 74]
Fr(τ) = L
|γr |
η
n (τ). (40)
However, for that the Dirac spinor becomes a solution finite (normalizable), is necessary
that the generalized Laguerre polynomials be a polynomial of degree n, consequently, the
parameter |γ¯r|
2
−Er should be a non-positive integer, i.e., |γ¯r|2 −Er = −n, where n = 0, 1, 2, . . .
(quantum number). Therefore, we obtain from this condition (quantization condition) the
following energy spectrum of the DO under the influence of noninertial and spin effects in
the magnetic cosmic string spacetime
Eσn,mj ,r,s = 2sηΩNr + σ
√
(2ηΩNr)2 + (m0 + ηE0)2 + 4m0|ωs|Nr, (41)
where
Nr ≡
(
n +
1− r
2
+
Γr
2η
)
, E0 ≡ Ω
2
, (42)
being Nr an effective quantum number, σ = 1 corresponds to the positive energy states
(particle or DO), σ = −1 corresponds to the negative energy states (antiparticle or anti-DO),
and the quantities Γr and ωs are given by Γr ≡ |γr|−sγr and ωs ≡ (ω−sωc2η ), respectively. We
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see that the energy spectrum (41) explicitly depends on the spin parameter s, magnetic flux
Φ of the AB effect, cyclotron frequency ωc generated by the external magnetic field, zero-
point energy E0, angular velocity Ω of the rotating frame, and of the deficit angle η associated
to topology of the cosmic string. In particular, this spectrum satisfies: Eσn,mj ,r,s (Φ± Φ0) =
Eσn,mj±1,r,s(Φ), therefore, the spectrum is a periodic function with periodicity ±Φ0 [75]. We
note that the presence of Ω causes an asymmetry in the spectrum, since for Ω→ 0 we have
a symmetrical spectrum [61]. This asymmetry comes from the fact that in some cases we
have |E+n,mj ,r,s| > |E−n,mj ,r,s| or |E+n,mj ,r,s| < |E−n,mj ,r,s| depending on the values of σ and s. In
Table I, are shows the four settings of the relativistic bound state energies for the possible
combinations of the parameters σ and s.
Table I: Relativistic bound state energies for the possible combinations of σ and s.
Setting Eσn,mj ,r,s σ s
1 E+n,mj ,+,+ = 2ηΩN+ +
√
(2ηΩN+)2 + (m0 + ηE0)2 + 4m0|ω+|N+ + 1 + 1
2 E−n,mj ,−,− = −2ηΩN− −
√
(2ηΩN−)2 + (m0 + ηE0)2 + 4m0|ω−|N− - 1 - 1
3 E+n,mj ,+,− = −2ηΩN+ +
√
(2ηΩN+)2 + (m0 + ηE0)2 + 4m0|ω−|N+ + 1 - 1
4 E−n,mj ,−,+ = 2ηΩN− −
√
(2ηΩN−)2 + (m0 + ηE0)2 + 4m0|ω+|N− - 1 + 1
According to table I, the settings 1 and 3 describe the spectrum of a particle (σ = r = +1)
with spin up or down, where its energies are larger for the case of the spin up (E+n,mj ,+,+ >
E+n,mj ,+,−), while the settings 2 and 4 describe the spectrum of an antiparticle (σ = r = −1)
with spin down or up, where its energies (in absolute values) are larger for the case of the
spin down (|E−n,mj ,−,−| > |E−n,mj ,−,+|), respectively. Besides that, based on the fact that
N− > N+ and ω− > ω+, we verified that the energies of the antiparticle with spin down
are larger than those of the particle with spin up or down, i.e., |E−n,mj ,−,−| > |E+n,mj ,+,±|
(asymmetry in the spectrum). Still according to table I, we see that the quantities Ω, η and
ωc and the quantum number Nr have the function of increase the values of the spectrum,
for instance, in the limit η → 0 (extremely dense cosmic string) or Nr = ωc = Ω → ∞, we
have |Eσn,mj ,r,s| → ∞. However, the quantity Φ has the function of increasing or decreasing
the values of the spectrum depending on the values of s, for instance, for Φ → ∞ and
11
s = −1 we have |Eσn,mj ,r,s| → ∞ (Nr → ∞), while for Φ → ∞ and s = +1 we have
|Eσn,mj ,r,s| → σ(m0 + ηE0) (Nr → 0). Last but not least, we see that even in the absence
of the AB effect (Φ = 0), string cosmic background (η = 1), uniform magnetic field and of
the DO (ωs = 0), the particle and antiparticle still have a discrete energy spectrum, in this
case, we can say that the rotating frame (or centripetal force) quantizes its energies.
Now, comparing the spectrum (41) with the literature, we verified that in the absence of
the noninertial effects (Ω→ 0), of the AB effect (Φ→ 0) and of the cosmic string spacetime
(η → 1), with r = +1, we recover the usual spectrum of the DO in a flat inertial frame for
ωc → 0 with s = ±1 and γr = mj − s2 → ml [71], for ωc → −ωc 6= 0 (charge conjugation)
with s = +1 [72], and for ωc 6= 0 with s = +1 and mj > 0 (γr = 0) [76, 77]. Already in the
limits Φ = ωc → 0 and η → 1 with r = s = +1 and mj > 0, we recover the usual spectrum
of the DO in a flat rotating frame [61]. Now, in the limits Ω = ωc → 0 with r = +1, we
recover the usual spectrum of the DO under the influence of the AB effect and spin effects
in an inertial frame for η → 1 [58] and for η 6= 1 [60]. On the other hand, in the limits
Ω = ω = Φ → 0 and η → 1 with mj > 0, s = +1 and r = −1, we recover the relativistic
Landau levels for a planar Dirac particle in a flat inertial frame [78–80]. From the above, we
see clearly that our relativistic spectrum generalizes some particular cases of the literature
when Ω, ωc, ω, Φ, s or η are excluded from the system.
From here on let us concentrate our attention on the form of the original Dirac spinor for
the relativistic bound states. Substituting the variable τ = m0Ω¯ρ
2 in the radial functions
(36), the two-component curvilinear spinor (28) takes the form
ψc(t, ρ, ϕ) =
ei(mjϕ−Et)√
2π

 D+ρ
|γ+|
η e−
m0Ω¯ρ
2
2 L
|γ+|
η
n (m0Ω¯ρ
2)
iD−ρ
|γ−|
η e−
m0Ω¯ρ
2
2 L
|γ−|
η
n (m0Ω¯ρ
2)

 , (43)
where
Dr ≡ Cr(m0Ω¯)
|γr |
2η > 0, (r = ±1). (44)
Thus, based on fact that ψc = e
iΣ3ϕ
2 ΨD, being Σ3 = σ3=diag(+1,−1), the original Dirac
spinor is written as follows
ΨD(t, ρ, ϕ) =
ei(mlϕ−Et)√
2π

 D+ρ
|γ+|
η e−
m0Ω¯ρ
2
2 L
|γ+|
η
n (m0Ω¯ρ
2)
iD−ρ
|γ−|
η e−
m0Ω¯ρ
2
2 L
|γ−|
η
n (m0Ω¯ρ
2)

 , (45)
where we use by simplicity the relation ml = mj ∓ 12 .
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It should be noted that our Dirac spinor simultaneously incorporates the positive and
negative values of the quantum number ml (or mj), which does not happen, for instance,
in Ref. [72]. However, the temporal and angular parts of the spinor (45) are equal to the
spinor of Ref. [72], as expected. From the practical point of view, an of the advantages of we
have a spinor with the setting (45) is the possibility of calculating the physical observables
more faster and direct than if we had two spinors, one for each value of ml. Also, taking the
limits ω = ωc = Φ→ 0 and η → 1, we get the spinor in a rotating frame under the influence
of spin effects (the spinor still is normalizable).
IV. NONRELATIVISTIC LIMIT
In this section, we analyze the nonrelativistic limit (low energy regime) of our results.
To get this limit is necessary to consider that most of the total energy of the system stays
concentrated in the rest energy of the particle, i.e., E ∼= m0 + ε, where m0 ≫ ε and
m0 ≫ Ω. So, applying this prescription in Eq. (32), we obtain the following Schro¨dinger-
Pauli oscillator (SPO) under the influence of noninertial and spin effects in the magnetic
cosmic string spacetime (or in the magnetic conical Euclidean space)[
HQHO−type +HZeeman−type −
(
2ω
η
S+Ω
)
· L− r Ω¯
η
Φ
Φ0
+ ηE0
]
ΨP (t, ρ, ϕ) = i
∂ΨP (t, ρ, ϕ)
∂t
,
(46)
where
HQHO−type = − 1
2m0
(
∂2
∂ρ2
+
1
ρ
∂
∂ρ
− ℓ
2
z
η2ρ2
)
+
1
2
m0Ω¯
2ρ2, HZeeman−type =
1
2η2
ωc · L, (47)
with
ℓz = Lz +
Φ
Φ0
, Ω¯ = ω − r
η
ωc + 2ηS ·Ω, Ω = Ωzˆ, S = 1
2
σ, Lz = −i ∂
∂ϕ
, (48)
being HQHO−type the QHO-type Hamiltonian (explaining why this system is called DO),
HZeeman−type is the Zeeman-type Hamiltonian, E0 = Ω2 is the zero-point energy, and
ΨP (t, ρ, ϕ) =
ei(m¯lϕ−εt)√
2pi
(R+(ρ), R−(ρ))T (m¯l ≡ mj ∓ η2 ) is the Pauli spinor and satisfies
SzΨP =
s
2
ΨP . Here, we have r ≡ s = ±1 and rs = 1, where s = +1 and s = −1 de-
scribes a particle (or SPO) with spin up or down, respectively. We verify that the term S · L
describes a spin-orbit coupling of strength ω/~ (restoring the factor ~), while the term S ·Ω
describe the spin-rotation coupling. Also, we verified that in the limits Ω = ωc → 0 and
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η → 1, Eq. (46) is reduced to the QHO in a flat inertial frame under the influence of spin
effects for Φ→ 0 [71] and for Φ 6= 0 [58].
Now, using the prescription E ∼= ε+m0 in (41) (with m0 ≫ ε and m0 ≫ Ω), we obtain
the following nonrelativistic energy spectrum of the SPO under the influence of noninertial
and spin effects in the magnetic conical Euclidean space
εn,m¯l,s = ηE0+
(
2n+ 1− s + |α| − sα
η
)
(sηΩ+|ωs|) > 0, α ≡ m¯l+ Φ
Φ0
, m¯l = mj−η
2
. (49)
We see that besides of the spectrum (49) to depend on the spin parameter s, magnetic
flux Φ, cyclotron frequency ωc, zero-point energy E0, angular velocity Ω, and of the deficit
angle η associated to topology of a conical space, is a periodic function with periodicity
±Φ0 [75]. In addition, this spectrum always increases with the increasing of the quantum
number n (εn→∞ → ∞), however, increases or non depending on the values of m¯l and s,
for instance, for m¯l > 0 and s = +1, we have εm¯l→∞ → ηE0 + 2n(ηΩ + |ω+|), while for
m¯l > 0 and s = −1, we have εm¯l→∞ → ∞ (with |ω−| > ηΩ). On the other hand, for
m¯l < 0 and s = +1, we have εm¯l→−∞ → ∞, while for m¯l < 0 and s = −1, we have
εm¯l→−∞ → ηE0 + 2(n + 1)(−ηΩ + |ω−|). Similar to the relativistic case, we see that the
parameters η and Ω have the function of increase the values of the spectrum, i.e., in the
limit η → 0 (extremely conical space) or Ω→∞, we have εn,m¯l,s →∞ (with |ωs| > ηΩ).
So, comparing the nonrelativistic spectrum (49) with the literature, we verified that in
the limits ωc = Φ → 0 and η → 1 with m¯l = ml ≥ 0 and s = +1, we recover the spectrum
of the QHO in a flat rotating frame [61]. Already in the limits Ω = ωc → 0 and η → 1, we
recover the usual spectrum of the QHO in a flat inertial frame under the influence of spin
effects for Φ → 0 [71] and for Φ 6= 0 [58]. On the other hand, in the limits Ω = Φ → 0
and η → 1 with ml ≥ 0, we recover the usual spectrum of the QHO under the influence of
a uniform magnetic field and spin effects in a flat inertial frame [77]. Finally, in the limit
Ω = ωc → 0, we recover the spectrum of the QHO in the cosmic string background under the
influence of spin effects [60]. From the above, we see categorically that our nonrelativistic
spectrum generalizes some nonrelativistic particular cases of the literature when Ω, ωc, Φ, s
or η are excluded from the system.
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V. CONCLUSION
In this paper, we study the influence of noninertial and spin effects on the relativistic and
nonrelativistic quantum dynamics of the 2D DO in the magnetic cosmic string background.
To model this background, we consider an external uniform magnetic field, the AB effect and
a deficit angle η of a cosmic string. Posteriorly, we adopted the polar coordinate system and
we analyze the asymptotic behavior of our resulting differential equation, where we obtain
as results a generalized Laguerre equation. From this result, we determine the bound-state
solutions of the system, given by the two-component Dirac spinor and the relativistic energy
spectrum. We verified that this spinor is written in terms of the generalized Laguerre poly-
nomials and this spectrum explicitly depends on the quantum numbers n and mj , angular
velocity Ω and parameter s associated to the noninertial and spin effects, magnetic flux Φ
of the AB effect, cyclotron frequency ωc generated by the magnetic field, zero-point energy
E0, and of the deficit angle η associated to topology of the cosmic string.
In particular, we note that besides of the relativistic spectrum to be a periodic function
with periodicity ±Φ0, where Φ0 is the magnetic flux quantum, and asymmetric due to
presence of Ω, its values infinitely increases when η → 0 (extremely dense cosmic string)
or n = mj = ωc = Ω → ∞. However, the quantity Φ has the function of increasing or
decreasing the values of the spectrum depending on the values of the spin parameter s and
of the quantum mj . We also note that the spectrum of the particle or DO (antiparticle or
anti-DO) are larger for the case of the spin up (down). In addition, due to asymmetry in the
spectrum, we verified that the energies of the antiparticle with spin down are larger than
of the particle with spin up or down. Now, comparing our relativistic spectrum with other
works, we verified that this spectrum generalizes some particular cases of the literature when
Ω, ωc, Φ, s or η are excluded from the system.
Finally, we study the nonrelativistic limit of our results. For instance, considering that
most of the total energy of the system stays concentrated in the rest energy of the particle,
we obtain the 2D SPO under the influence of noninertial and spin effects in the magnetic
cosmic string spacetime (or magnetic conical Euclidean space). We see that this oscillator
is written in terms of two Hamiltonians: one QHO-type and other Zeeman-type, and also
depends of two types of couplings: the spin-orbit coupling, given by S · L, and the spin-
rotation coupling, given by S · Ω. Besides, we see that in the limits Ω = ωc → 0 and
15
η → 1, we get the QHO in a flat inertial frame under the influence of spin effects for Φ→ 0
and Φ 6= 0. With respect to the nonrelativistic energy spectrum, such spectrum has some
similarities with the relativistic case, i.e., depend on n, mj , s, Φ, ωc, E0, Ω, and η, is a
periodic function with periodicity ±Φ0 and increase in values as the increase of n, η and
Ω, however, increases or non depending on the values of mj and s. Thus, comparing our
nonrelativistic spectrum with other work, we verified that this spectrum generalizes some
particular cases of the literature when Ω, ωc, Φ, s or η are excluded from the system.
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